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A discrete element method (DEM) is developed to simulate the heat transfer in granular assemblies in
vacuum with consideration of the thermal resistance of rough contact surfaces. Average heat flux is
formulated by the positions and heat flow rates of particles on the boundaries of the granular assemblies.
Average temperature gradient is given as a best-fit formulation, which is computed from the relative position
and temperature of particles. With the thermal boundary condition imposed on the border region, the
effective thermal conductivity (ETC) of granular assemblies can be calculated from the average heat flux and
temperature gradient obtained from DEM simulations. Moreover, the effects of particle size, solid volume
fraction and coordination number on the ETC are also investigated. Simulation results show that granular
assemblies with coarse particles and under large external compression forces exhibit a better heat conduction
behavior. The effects of particle size and external compression forces on the ETC are in good agreement with
experiment observations.
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1. Introduction

Thermal conductivity of granular assemblies is an important
property for many industrial handling processes, including packed
bed and multi-phase reactors. At present, some theoretical and semi-
empirical methods are used to predict the effective thermal
conductivity (ETC) of packed beds [1]. In practice, however, these
methods have met difficulties in predicting the ETC influenced by the
contact mechanics exhibited by particles in granular assemblies.

Various experimental tests have been performed to measure the
thermal conductivity of granular materials and to understand the
effect of particle properties. Woodside and Messmer [2] investigated
the effect of porosity, solid particle and saturated fluid conductivity on
the particulate bed conductivity as early as in 1961. Tavman and
Tavman [3] found a linear dependence of the ETC to the moisture
content of the particles. Bala et al. [4] investigated the effect of
porosity and size on the thermal conductivity. Weidenfeld et al. [5]
studied the ETC of particulate beds under compression via experi-
ments and developed a theoretical model based on these data.
Their results show a significant effect of the contact area between
particles on the effective thermal conductivity. Bahrami et al. [6]
developed a heat transfer model for predicting the ETC of a regularly
packed bed consisting of uniformly sized spheres based on their
previous studies on the thermal conductance between two surfaces
[11]. This model is compared with experimental data of heat transfer
in sphere assemblies with different diameters and a good agreement
is observed.

Compared to experiments, numerical simulations provide an
easier solution to predicting the ETC, since the heat exchange and
contact information can be easily accounted from the simulation data.
Vargas et al. [7] developed a Thermal Particle Dynamic method to
investigate the heat transfer within the particle assemblies and
performed simulations to study the thermal expansion effects in the
granular system [8]. Their results show that a systematic and
controllable increase in granular packing can be induced by simply
raising and then lowering the temperature without any mechanical
energy input, which is in agreement with the experiment [9]. Nguyen
et al. [10] modeled the granular flow and heat transfer between
particles during the discharge of a silo. The simulation results indicate
that both discharge velocity and heat generated by the friction would
influence the temperature of particles and affect their flow behavior
eventually.

Based on the work mentioned above, we introduce a thermal
contact model considered thermal resistance of rough surfaces into
a discrete element method (DEM) according to the research of
Bahrami et al. [11,12]. Moreover, we derived the average heat flux and
the average temperature gradient expressions, respectively. With
appropriate thermal and mechanical boundary conditions applied,
these two terms can be accounted from simulation data. The ETC of
granular assemblies thus can be obtained. The relationship between
the ETC and mechanical parameters of granular assemblies is
investigated, including stress in the heat transfer direction, average
particle diameter, solid volume fraction and coordination number,
respectively.



Nomenclature

A section area of granular assemblies, m2

a contact radius, m
B Boundary of granular assembly
b threshold of the time-step selection
C Set of contacted particles
c specific heat, J kg−1 K−1

d distance between the two particle centers, m
dt time-step, s
dv Vickers indentation diagonal, μm
E Young's modulus, Pa
F force, N
F magnitude of force, N
H hardness of the bulk material, Pa
h thermal conductance, W K−1 m−2

h̄ thermal conductance with perfectly smooth surfaces,
W K−1 m−2

I moment of inertia, kg m2

K contact stiffness, N/m
k thermal conductivity tensor
k thermal conductivity, W m−1 K−1

M torques, N m
m mass, kg
N number of particles
n normal vector
Q total heat flow rate, W
q heat flow rate, W
q″ heat flux, W m-2

q̇ heat density, W kg−1

R thermal resistance, W−1 K m2

R̄ ideal thermal resistance, W−1 K m2

Rs thermal resistance of surface roughness, W−1 K m2

r particle radius, m
s mean absolute surface slope
T temperature, K
t time, s
v velocity, m s-1

v volume of particle, m3

u displacement, m

Greek symbols
β the expansion coefficient
γ damping ratio
δ overlap between the two contacted particles, m
η roughness, m
μ sliding friction coefficient
ν Poisson ratio
ρ density of the particle, kg m−3

ω angular velocity, rad s-1

Subscripts
B Brinell
e effective
min minimum
n normal
t tangential
tot total

Superscript
i,j particle i, particle j
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2. Modeling

Cundall [13] developed the discrete element method to study the
mechanics of granular assemblies. Every degree of freedom of
particles is determined by the explicit solution of Newton's equations,
which is given by

miv̇i = ∑Fi ð1:aÞ

Iiω̇i = ∑Mi ð1:bÞ

in whichmi and Iiare themass andmoment of inertia of particle, and vi

and ωi are the particle velocity and particle angular velocity,
respectively. ∑Fi represents the total force applied on particle i,
including body force, contact force between contact particles and
external force applied on the boundaries of granular assemblies.∑Mi

represents relevant torques. The contactmodel is typically determined
from contact mechanics considerations [14], most in the Hertzian
contact model. Silbert et al. [15] gave the equations that can represent
either the linear or Hertzian contactmodel to compute the normal and
tangential contact forces, Fn and Ft , which are expressed as

Fn = f δ= dð Þ Knnnδ−γnmevnð Þ ð2:aÞ

Ft = f δ= dð Þ −Ktut−γtmevtð Þ ð2:bÞ

where Kn and Kt are the normal and tangential contact stiffness, and γn

and γt are the normal and tangential damping ratio, respectively. δ is
the overlap between the two particles. d is the distance between the
two particle centers. nn is the contact normal vector . ut is the relative
tangential displacement. vn and vt are the normal and tangential
relative velocity, respectively. me=mimj /(mi+mj) represents the
effectivemass of the contact pair.f(x)=1 for the linear spring-dashpot
model, or f xð Þ = ffiffiffi

x
p

for Hertzian contacts with viscoelastic damping.
The maximum tangential contact force is determined by the Coulomb
friction law and its magnitude satisfies

Ftj j≤ μ Fnj j ð3Þ

where μ is the sliding friction coefficient.
The key feature of the DEM is to model a many-body system by

many simultaneous two-body interactions. This is valid onlywhen the
time increase is rather small that no disturbance propagates further
than a particle's immediate neighborswithin one time-step. Hence the
time-step is chosen as brmin/λ [13], in which rmin is the smallest radius
of the particles in granular assemblies, λ is the relevant disturbance
wave speed that is determined by Young's modules and density of the
particles, and b≤1 is a threshold of the time-step selection.

2.1. DEM for heat conduction analysis

To simulate the thermal conduction in granular assemblies, the
temperature must be introduced into the DEM as an additional degree
of freedom. Generally, the temperature Ti(x,y,z, t) of each particle
(see in Fig. 1) in the system should satisfy the following heat
conduction equation

ρiciTi
;t − k1T

i
;1

� �
;1 − k2T

i
;2

� �
;2 − k3T

i
;3

� �
;3 −ρi q̇i = 0 ð4Þ

and the corresponding boundary conditions are given by

∂P1 : T = T̄
∂P2 : k1T

i
;1 n1 + k2T

i
;2 n2 + k3T

i
;3 n3 = q

∂P3 : k1T
i
;1 n1 + k2T

i
;2 n2 + k3T

i
;3 n3 = h Ta−Tð Þ

ð5Þ

where ρi is the density of the particle materials,ci is the specific heat, t
is time, q̇i is the heat density, n1,n2, and n3 are the components of



Fig. 1. The schematic of thermal boundary conditions of one particle.
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unit vector on the boundaries, T̄ = T̄ ∂P1
; t

� �
is the given temperature

on particle boundary ∂P1, q=q(∂P2, t) is the heat flow rate on particle
boundary ∂P2, h is the heat conductance and k is the heat conductivity.

The determination of the temperature field of each particle is very
time consuming since granular assemblies in reality contain a huge
number of particles. To save the computational cost, thus, each
particle has only one temperature degree of freedom in DEM
simulations. In addition, it is generally assumed that there is no heat
source within the particle, e.g., q̇ = 0, and all heat transfer with other
particles is accounted as boundary conditions. Using ∫∂ P to represent
the integration on the surface of the particle, the state of one particle
can be written as

ρiciviTi
;t = ∫∂Pk1T

i
;1 n1 + k2T

i
;2 n2 + k3T

i
;3 n3da = qi ð6Þ

in which vi represents the volume of the particle, qi represents the
total heat exchange between particle i and others. Calculating qi

requires heat exchange qji between two contact particles, which is
given by

qji = Tj−Ti
� �

∫∂Phda

= Tj−Ti
� �

hij
ð7Þ

where hij denotes the heat conductance between the two particles, Ti

and Tj the temperatures of particles i and j, respectively. Hence the
total heat exchange between particle i and the otherN particles can be
expressed as

ρiciviTi
;t = ∑

N

j=1
hij Tj−Ti

� �
ð8Þ

Here, the heat conductance hij is related to heat conductivity,
surface contact properties and temperature gradient, and can be
computed from one dimensional quasi-steady thermal contact model
with two caveats [8]. First, the internal heat transfer is much faster
than the external one. Second, the thermal transients are small
enough to be quantified as a quasi-steady heat flow. The 1-D problem
can thus be expressed as

kT ;zð Þ;z = 0 ð9Þ

in which z denotes the direction of the thermal conduction. The
integration of Eq. (9) gives the following Fourier's heat conduction
equation,

−kT ;z = q″ ð10Þ

where q″ represents the heat flux. Thus the heat flow rate qji over an
arbitrary section A can be expressed as

qji = ∫AkT;z dA = ∫Aq″dA ð11Þ
which gives the heat exchange between particles i and j. qji is
determined by the thermal conductance hji. Eq. (11) can be rewritten as

qji = ∫Aq″dA = hji Tj−Ti
� �

ð12Þ

hij, which is reciprocal to Rtot, can be calculated according to the well
known definition of heat resistance [1], which is given by

hij =
1
Rtot

=
qij

Tj−Ti
: ð13Þ

Usually, the thermal conductance canbeobtained fromFEMsimulations
or experiments.

On the other hand, Yovanovich [16], Holm [17], and Batchelor and
O'Brien [18] have proposed independently the approximate analytical
solutions of heat conductance h̄

ij
with perfectly smooth surfaces,

which is presented as

h̄ij =
1

R
= 2k

3Fnre
4Ee

� �1=3
ð14Þ

where R̄ denotes the ideal thermal resistance, Fn is the magnitude of
normal contact force between the two contact particles, and k is the
thermal conductivity. re and Ee are the effective radius and the
effective Young's modulus, which are determined by

1
re

=
1
ri

+
1
rj

ð15:aÞ

1
Ee

=
1−νi2

Ei
+

1−ν j2

Ej
ð15:bÞ

We have performed the two-sphere contact and thermal conduc-
tion FEM simulation in commercial software ABAQUS [33], with the
particle diameters of di=dj=2×10−3 m, the thermal conductivity
of k=1×102 W m-1K− 1, the Young's modulus of Ei= Ej=
6.98×1010 Pa and Poisson ratio νi=νj=0.2. With heat flow data
and temperature difference information obtained, the thermal
conductance is calculated from Eq. (13). The analytic solution of the
same parameters can be obtained from Eq. (14). As shown in Fig. 2, a
good match between the analytical and numerical solutions indicates
that Eq. (14) can quantify the heat transfer between two contact
particles in the DEM accurately, even with a rather large overlap
between the two particles. Vargas et al. [7] introduced the heat
transfer algorithm into the DEM based on Eq. (14) and named it after
the Thermal Particle Dynamic Method. It has been employed to
simulate the transient heat conduction in the packed bed of particles.
Compared to experiment results [7] and theoretical predictions
obtained from a fabric tensor based effective conductivity expres-
sion [19], a good qualitative and quantitative agreement for
temperature profiles in granular assemblies has been obtained.

2.2. Thermal resistance model between rough surfaces in the DEM

For particles in reality, there are some cracks existing on the
surfaces in contact. Xing et al. [23] developed an algorithm for
analyzing the transient thermal coupling with the frictional contact
between the multiple elastic–plastic bodies using the R-minimum
strategy. FEM simulations have demonstrated the efficiency, stability
and usefulness of this algorithm. Recently, Bahrami et al. proposed
that the rough surface of spherical particles can be regarded as the
Gaussian rough surface, and the contact between these two surfaces
can be modeled by a smooth Gaussian surface and a rough surface
with two different rough characteristics combined together [11,12].
The thermal resistance of rough surface Rs can be described as a



Fig. 2. The comparison between Eq. (14) and h
ij
calculated by Eq. (13) based on the FEA

result. Eq. (14) is shown in solid line.

Fig. 3. The schematic of heat transfer in granular assemblies.
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function of the combined roughness η =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηi2 + η j2

p
and the surface

slope s =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
si2 + sj2

p
, which is given by

Rs =
0:565H� η= sð Þ

kFn
ð16Þ

where H*=c1(η′ /s)C2, η′=η /η0 and η0=1 μm. The relationship
between η and s is [21]

s = 0:152η0:4
: ð17Þ

while c1 and c2 are determined by themicrohardness and can be fitted
by two empirical expressions as

c1 = HBGM 4:0−5:77κ + 4:0κ2−0:61κ3
� �

c2 = −0:57 + 0:82κ−0:41κ2 + 0:06κ3
ð18Þ

in which κ=HB /HBGM, HB is the Brinell hardness of the bulk material
with a value of HBGM=3.178 GPa [6,20]. The correlations in Eq. (18)
are valid for the range of HB∈ [1.3,7.6]GPa. When an effective value of
microhardness Hmic=c1(dv /η0)c2 is known, in which dv is the Vickers
indentation diagonal, the Vickers microhardness parameters will be
c1=Hmic and c2=0. A detailed expression of this model for heat
resistance with surface roughness and its applications can be found in
the works of Bahrami et al. [6,11,12,20].

According to the definition of the heat resistance, the rough and
ideal thermal resistance can be accounted together to quantify the
heat conduction between the two particles, which is given by

Rtot = Rs + R: ð19Þ

Eq. (19) implies that hijis smaller than hij.
According to the above discussions, a many-body heat transfer

system can be modeled by many simultaneous two-body interactions
with computing the heat exchange from Eq. (19) and updating every
particle's temperature according to Eq. (8), as depicted in Fig. 3. A
requirement is that the temperature of each particle changes so little
that thermal disturbances do not propagate further than its
immediate neighbors in one time-step. This criterion can be shown
to be met by choosing a time-step dt which satisfies [7]:

dt
ρcvRtot

bb1: ð20Þ

In this work, the magnitude of dt is chosen as dt≈10−3−10−2s,
depending on the material parameters and size of the particles. It
should be noted that the chosen dt in the thermal DEM simulation is
often orders of magnitude larger than the analogous time-step in the
DEM. The time-step in simulations combined kinematics and thermal
conduction is often chosen as indicated in DEM analyses [13].

3. Effective thermal conductivity

To obtain the ETC of granular assemblies, a simple way is to get
heat flux and temperature gradient in DEM simulations then solve the
equation of Fourier's law of heat conduction. Therefore, we need the
technique to obtain these two terms. At the granular assembly level,
the methodology to obtain average stress and strain in granular
assemblies has been talked about in many studies. The expressions of
average stress/couple-stress tensor have been derived based on the
balance of internal and external forces applied on the granular
assemblies as well as the virtual work principle [24–26]. On the other
hand, the strain tensor can be obtained by defining a translation
gradient tensor that gives the smallest deviation from the character-
istic displacement of the assemblies [13,27–29]. Analogously, the
average heat flux and temperature gradient can be obtained from the
information of granular assemblies.

Fig. 3 shows a granular assembly in vacuum with contiguous
collection of particles that could be a cluster of particles or just a sub-
region of granular materials. Since we are discussing heat conduction
of granular materials in steady state, the particles in it satisfy the
conditions as follows:

State of equilibrium
The position would not change during the heat conduction

procedure, hence there is no heat generated by the friction between
particles.

State of heat equilibrium
With the assumption of no heat source within the granular

assembly, the temperature of each particle does not change when it
reaches the state of heat equilibrium. In this study, the thermal DEM
simulation is performed until the heat flows into, qin, and out of the
granular assemblies, qout, are the same, which is expressed as

qout−qin
qin

b ζ ð21Þ

where ζ is a small number, for this work chosen as ζ=10−4.

Granular materials in vacuum
There is no medium in the void of the granular materials.

Assuming no radiation between particles, the only form of thermal
conduction thus is the heat exchange through the contact pairs.
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In the granular assembly, the relative coordinate xi of the particles
is defined as

xi = Xi−X0 ð22Þ

in which Xi is the global coordinate of the particles. The referenced
point X0 is an arbitrary one and it is generally chosen as the average
position vector of the N particles of the granular assembly, of which
the coordination is given by

X0 =
1
N
∑
i∈R

Xi ð23Þ

in which R denotes the granular assembly. Analogously, the reference
temperature T0 is defined as the average over the temperature Ti of
the N particles, which is formulated as

T0 =
1
N
∑
i∈R

Ti
: ð24Þ

Here, T0 is used to define the relative temperature T̂
i
of each

particle in granular materials, which is expressed as

T̂ i = Ti−T0
: ð25Þ

The parameters mentioned above, together with the heat
exchange information among the particles, are the available features
to compute average heat flux and average temperature gradient, both
of which are required variables to calculate the ETC. In the following
sections, detailed derivations are given to formulate the calculation of
average heat flux and average temperature gradient.

3.1. Average heat flux

In this study, only the thermal conduction is accounted so that the
change of internal energy ΔUi of particle i is expressed as

ΔUi = ∫t∫Pρ
iciT i

;t dPdt ð26Þ

where ∫P and ∫t represent the integration on the particle and in the
time domains, respectively. According to the equilibrium states
mentioned above, there is no work done by the particles so that ΔUi

is only related to the total heat flow qi on the surface of particle i. The
rate of internal energy ΔUi, t of the particle thus reads

ΔUi
;t = qi = ∫∂Pq

″ ið Þ⋅nida ð27Þ

in which q″ ið Þ is the heat flux on the surface of the particle and ni is the
outward oriented unit surface normal. In granular materials, qi is
accounted from the total heat exchange qic between particle i and
other particles, as well as the total heat qib flowing through the
boundary contacting with particle i, if any. Hence Eq. (27) can be
expressed as an equivalent form as

qi = qic + qib
(

qib = 0 i∉B
qib≠0 i∈B

ð28Þ

in which B denotes the boundary of the granular assembly. qic and qib

are computed from

qic = ∑
j∈Ci

qij ð29:aÞ

qib = ∑
j∈Bi

qij ð29:bÞ
in which Ci and Bi represent the contacts and local boundaries of the
particle i, respectively. Noticing that Ti does not change when the
granular system is in the state of heat equilibrium, i.e., Ti, t=0, the
combination of Eqs. (26), (27) and (28) yields

qic + qib = 0: ð30Þ

Eq. (30) describes the state of an individual particle within the
granular assembly in the state of heat equilibrium. The temperature of
every particle thus remains constant so that the sum of heat exchange
of the granular assembly reads

∑
i∈R

∫Pρ
iciTi

;t dP = ∑
i∈R

qi = 0: ð31Þ

Under this condition, the total heat exchange through the
boundary of the granular assembly is 0. Hence Eq. (31) can be
expressed equivalently using the heat flux q″ flowing through the
boundaries, which is given by

∫∂Rq
″⋅nda = 0 ð32Þ

where n and ∫∂R represent the outward oriented unit boundary
normal and the integration on the boundary of the granular assembly,
respectively. An equivalent form of Eq. (32) can be expressed as the
total heat exchange between the particles and the boundary, which is
a discrete form expressed as

∫∂Rq
″⋅ndA = ∑

i∈B
qib = 0: ð33Þ

The average heat flux q″
� �

of the granular assembly is accounted
from the heat flux within it, which is given by

q″
D E

=
1
VR

∫Rq
″dV ð34Þ

where VR is the volume of the granular assembly and ∫R represents
the integration within it. As a vector, q″ satisfies

q″
	 
T = I q″

	 
T = ∇xi
� �

q″
	 
T ð35:aÞ

∇⋅ xi⊗q″
� �

= ∇xi
� �

q″
	 
T + xi⊗ ∇⋅q″

	 
 ð35:bÞ

in which ∇ and ⊗ represent vector operator and dyad of two vectors,
respectively. The insertion of Eq. (35.a) to (35.b) yields

q″
	 
T = ∇⋅ xi⊗q″

� �
−xi⊗ ∇⋅q″

	 

: ð36Þ

Eq. (34) can thus be rewritten as

q″
� �T =

1
VR

∫R∇⋅ xi⊗q″
� �

dV− 1
VR

∫Rx
i⊗ ∇⋅q″

	 

dV : ð37Þ

The consideration of heat equilibrium in granular materials gives [1]

∇⋅q″ = 0: ð38Þ

Submitting Eq. (38) to Eq. (37), the second term of Eq. (37)
vanishes so that the average heat flux is expressed as

q″
D ET

=
1
VR

∫R∇⋅ xi⊗q″
� �

dV : ð39Þ



Fig. 4. The schematic of temperature boundary conditions imposed on the granular
assembly.
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with the Gauss integration theorem, average heat flux is formulated as

q″
� �T =

1
VR

∫∂Rx
i⊗q″⋅ndA ð40Þ

that is

q″
� �

=
1
VR

∫∂Rq″⋅n⊗xidA: ð41Þ

with the heat exchange integration on the boundary taken place by
the sum of heat exchange of all the individual particles contacting
with the boundary, Eq. (41) can be reformulated as

q″
� �

=
1
VR

∑
i∈B

qibxi
: ð42Þ

Eq. (42) gives the equation that computes the average heat flux of
the granular assembly.

3.2. Average temperature gradient

The approximate temperature T̃
i
of each particle can be expressed

as a function of temperature gradient ∇T and the particle position,
which is given by

T̃ i = ∇T⋅xi
: ð43Þ

In consideration of the fluctuation of the temperature distribution
within the granular assembly, the relative temperature T̂

i
cannot be

computed from Eq. (43) exactly, which is expressed as

T̂ i−∇T⋅xi≠0: ð44Þ

Now let us find the specific 〈∇T〉 for that the square sum of the
deviations in Eq. (44) is the smallest, which can be expressed as,

Y = ∑
i∈R

T̂ i− ∇Th i⋅xi
� �2

→min : ð45Þ

The function Y is minimal when it satisfies,

∂Y
∂ ∇Th i = 0: ð46Þ

Hence 〈∇T〉 can be obtained as a solution of the linear equations
that is given by

∑
i∈R

xi T̂ i− ∇Th i⋅xi
� �

= 0 ð47Þ

which is the “best-fit” form of the average temperature gradient.

3.3. Effective thermal conductivity

The constitutive relation between the heat flux q″ and the
temperature gradient ∇T is given by Fourier's law of heat conduction

q″ = −k⋅∇T ð48Þ

in which krepresents the thermal conductivity of materials. In
physical tests, k can be calculated from the given temperature
difference and measured heat flow in the direction of conduction, as
solving an inverse problem. For thermal conduction in the granular
materials, we simply replace kwith the effective thermal conductivity
ke, then Eq. (48) is rewritten as

q″
� �

= −ke⋅ ∇Th i ð49Þ
in which the average heat flux q″h i and the average temperature
gradient 〈∇T〉 within the granular assembly can be obtained from
Eqs. (42) and (47).

As many researchers pointed out, the boundary conditions applied
on the local problem for computing the upscale permeability tensors
may have an impact on the accuracy of the calculation results. As
illustrated in Fig. 4, the target block plus border regions are used to
compute ke of granular assemblies, which is used in an upscaling
technique to get a more accurate equivalent permeability tensor in
heterogeneous materials [27,28]. Here we use the Dirichlet boundary
condition for the solution of the extended local problems [27,29], in
which the temperature boundary condition is imposed on the target
block plus border regions thus heat flux information can be obtained.

Tensor ke is further required to be symmetry and positive definite.
The recent research [27,30–32] indicates that both of these constrains
are automatically satisfied in the great majority of cases by enforcing
the symmetry of ke. Then ke can be obtained from solving the
following overdetermined linear system that is given by

1T;1
1T;2

1T;3
1T;1

1T;2
1T;3

1T;1
1T;2

1T;3
2T;1

2T;2
2T;3

2T;1
2T;2

2T;3
2T;1

2T;2
2T;3

3T;1
3T;2

3T;3
3T;1

3T;2
3T;3

3T;1
3T;2

3T;3
1 −1

1 −1
1 −1

2
66666666666666666666664

3
77777777777777777777775

keq11
keq12
keq13
keq21
keq22
keq23
keq31
keq32
keq33

8>>>>>>>>>>>>>>>>>>>>><
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where all blank factors are 0 and the superscripts 1, 2 and 3 represent
the boundary problem in the three directions of the Cartesian
coordinate system, respectively. All the information required calcu-
lating q″

� �
and 〈∇T〉 from Eqs. (42) and (47) can be obtained from

simulation results and the system is solved as a linear least-squares
problem.



Table 1
Material parameters.

Parameter Value

Density 2.7×103 kg m−3

Young's modulus 6.89×1010 Pa
Poisson ratio 0.23
Conductivity 1.0×102 Wm−1K−1

Specific heat 8×102 J kg−1 K−1

Friction coefficient 0.5
Expansion coefficient 0.0
Vickers microhardness 2.3×108 Pa
Surface roughness
(for rough surface only) 0.13×10−6 m
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4. Simulations and discussion

The following simulations are performed using our own DEM code,
on a PC with Intel® CPU CoreTM2 duo E6550. Since there are not many
particles in the assemblies, the thermal conduction simulation takes
few hours to finish the simulation for each case.

4.1. The Effect of the thermal resistance of surface roughness

In this section, the effect on the heat conduction of thermal
resistance considered surface roughness is studied both in regularly
and randomly packed granular assemblies consisting of spherical
particles.

4.1.1. Heat conduction simulation in regularly packed particle specimen
A granular assembly consisting of 11 particles in a row is

simulated, as shown in Fig. 5. The model parameters are given in
Table 1. All particles are perfectly smooth except the contact surface
between particles 6 and 7, of which Vickers microhardness
c1=2.3×109 Pa and surface roughness η=0.13 μm. A compression
strain of εxx=−1.0×10−3 is applied, then a 10 K temperature
difference is imposed on the boundaries with Tx=−1mm=283 K and
Tx=21mm=273 K, until the granular assembly reaches its steady
state. We perform the DEM simulations using our code and the FEM
simulation with ABAQUS [33]. The DEM and FEM temperature profiles
are compared in Fig. 5, in which only the temperatures on the centers
of spheres are plotted. The temperature discontinuity between
particles 6 and 7 illustrates that the rough contact resistance affects
the profile of the temperature within the granular assembly. The good
agreement between DEM and FEM results indicates that DEM can
accurately simulate the heat transfer problem with the consideration
of thermal resistance of rough surfaces. Furthermore, DEM is a more
efficient method than FEM, e.g., it took only seconds in DEM but hours
in FEM to solve this heat-contact problem.

4.1.2. Simulating analysis on randomly packed granular assemblies
A granular assembly consisting of 1106 spheres is restrained in a

rectangle region by rigid walls, as shown in Fig. 6. The sizes of the
particles follow a normal distribution with an average diameter of
d=4×10−3 m and a standard deviation of 0.25d. The material
properties are listed in Table 1. Each rigid wall has its own mass so
that it can be driven by the resultant force of external compressions
and collisions with inside particles. However, their rotation is
prohibited in order to keep the granular assembly to be rectangle
Fig. 5. The comparison between FEM and DEM results of the temperature profile in 11
particle specimen.
during the simulation. Furthermore, the walls have their own degrees
of temperature freedom and the heat can flow through them, the
temperature difference can be thus applied on the assembly and the
heat flow rate can be accounted in every time-step during the
simulation. In the current case, a constant temperature difference 1 K
(273–274 K) is applied on the boundaries in the x direction. The final
temperature profile is shown in Fig. 6b.

The contact force network (force chains) is plotted in Figs. 6c and
6e, in which the thickness of each line section represents the
magnitude of the contact forces. The contact force network does not
change during the heat transfer procedure of the simulation because
all the particles in the specimen have stopped moving before any
thermal boundary conditions are applied and that the heat transfer
does not bring any mechanical disturbance into this granular system
with the expansion coefficient β=0. The heat transfer network is
plotted in Figs. 6d and f with the line section thickness representing
the magnitude of heat flow rate between each contact pair. By
comparing these plots, it can be seen that the morphology of the heat
conduction network is the same as that of the contact force network.
However, the line thickness is different since the heat flow rate
between particles depends not only on the magnitude of contact
normal forces, but also on other parameters, such as temperature
difference of every contact pair. For we are discussing the granular
assemblies in vacuumwith the heat radiation of particles ignored, the
heat conduction path coincides with the contact force network. This
observation indicates that the heat conduction is closely related to the
contact network and could provide some necessaries to understand
the thermal conduction mechanism in the granular assemblies, as
contact force network does for the mechanical ones.

The contact interface properties can play important roles in the heat
transfer process of a granular assembly as illustrated in the previous
regularly packed problem. To investigate the effect of the thermal rough
resistance on the effective heat conductivity ke in an arbitrary direction,
say the x direction in this work, detailed DEM simulations are
performed, in which all material properties are unchanged except that
the Vickers microhardness coefficients are set as c1=2.3×109 Pa,
c1=2.3×108 Pa and c1=2.3×107 Pa, respectively. As shown in Fig. 7,
ke decreases with the increase of the Vickers microhardness coefficient
under the samecompression force, that is, kedecreaseswith the increase
of Rs. For Rs and R̄ are connected in series, the ETC will be almost zero
when Rs approaches infinite large, which indicates that the contact
surface is extremely rough,while theETCwill bedominatedby the value
of R̄ when Rs is nearly zero, which responds a nearly ideal contact
condition. This illuminates that a good heat conduction property of a
granular assemblydependsonbothgoodmaterial heat conductivity and
fine contact condition between particles.

4.2. The influence on effective heat conductivity of the features in
granular materials

Besides material properties, the ETC can be determined by the
external loads and the geometric parameters, such as particle size,



Fig. 6. The schematic of a granular assembly consisting of 1106 particles; a) Particle arrangement within the assembly, the force and heat transfer network schematics in e) and f) are
plotted in the dark particle layer; b) The temperature profile within the assembly (only the relative temperature to the reference temperature 273K is depicted) ; c) The force chains;
d) The heat transfer network; e) The force chains in the dark particle layer shown in a); f) The heat transfer in the dark particle layer shown in a).

Fig. 7. The effect of rough surface properties on ke.
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solid volume fraction and coordination number. In Sections 4.2.1, 4.2.2
and 4.2.3, we will discuss the effects on the ETC of these parameters
respectively, assuming that other parameters remain constant in
every theoretical and numerical analysis. In section 4.2.4, the
combined effect of the parameters investigated is analyzed by
detailed DEM simulations.

4.2.1. External loads
Fig. 8 is the schematic of the granular assembly consisting of

18,112 spheres with an average diameter of d=6×10−3 m and a
standard deviation of 0.25d. Different compressive loads are applied
on this assembly in a set of DEM simulations. As shown in Fig. 9, ke
increases with the increase of the average stress σxx in the heat
conduction direction. Here the average stress is calculated from the
positions of particles and the contact forces between particles, which
are the reflections of the external compression loads [24–26].
According to Eqs. (14) and (16), micro contact characteristics h̄

ij
and

Rs are dominated by the contact forces. Moreover, ke is determined by



Fig. 8. The temperature profile within the granular assembly. The temperature given is
the difference from the reference temperature 273 K.

Fig. 9. The evolution of effective thermal conductivity ke under different compressive
loads. Each data point represents the keresponding to a compression stress level.

Table 2
The comparison of the ETC of simple cubic arranged granular assemblies, with smooth
or rough surface.

Number of particle in granular
assemblies

ke(W m−1 K−1)

Smooth Rough

8 (diameter is 8×10−3 m) 2.8184 1.9992
64 (diameter is 4×10−3 m) 2.8184 1.5490
512 (diameter is 2×10−3 m) 2.8184 1.0679
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h̄
ij
and Rs of every individual contact pair. Thus ke is logically related to

the external compression loads. From the above analysis, it can be
concluded that a greater external load would lead to a larger ke when
material properties and geometric parameters are unchanged in
granular assemblies.

4.2.2. Particle size
The simple cubic arranged granular assemblies (see in Fig. 10) are

used to investigate the particle size effect on the overall thermal
conduction properties of granular assemblies. By replacing the coarse
particles with fine ones of the same total mass, both the particle radii
and the contact forces decrease while solid volume fraction and the
a b

Fig. 10. Scaling dependence of regular packed granular assembly. The temperature differenc
acting on the walls of each specimen.
materials properties remain constant in these assemblies. ke can be
represented by the thermal conduction property of the two-particle
contact pair, which is expressed as

ke =
1

RtotD
ð51Þ

in which D represents the diameter of the particle. Substituting Eqs.
(14), (16) and (19) to (51), it can be rewritten as

ke = D 2k
3Fnre
4Ee

� �1=3� �−1

+ D
0:565H� η=mð Þ

kFn|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
H̃

0
BBBB@

1
CCCCA

−1

: ð52Þ

Using n3 particles with a radius of D /n, two changes will occur in
Eq. (52) as follows:

1. the effective radius changes to re /n
2. the normal contact force now is Fn /n2

Substituting these two terms into H̃ in Eq. (52), H̃ can be rewritten as

H̃ = D 2k
3Fnre
4Ee

� �1=3� �−1

+ D
0:565H� η=mð Þ

kFn

=
D
n

2k
3 Fn =n

2
� �

re =nð Þ
4Ee

0
@

1
A1=3

0
B@

1
CA

−1

+
D
n
0:565H� η =mð Þ

kFn = n
2

= D 2k
3Fnre
4Ee

� �1=3� �−1

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
G0

+ n⋅D0:565H� η=mð Þ
kFn|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
G1

:

ð53Þ

Noticing that the material parameters remain constant, Eq. (53)
can be rewritten as

H̃ = G0 + nG1: ð54Þ
c

e is applied on the rigid walls in a horizontal direction. The identical compression forces



BA

Fig. 11. Two dense granular assemblies, in which the particles are arranged regularly, are applied with identical temperature difference and compression load to investigate the effect
of solid volume fraction and coordination number.
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Substituting Eq. (53) to (51), it can be reformulated as

ke =
1

G0 + nG1
: ð55Þ

Eq. (55) indicates that the ETC of granular assemblies decreases
with the increase of factor n, i.e., with the decrease of particle size. This
is a direct result of the increase of the number of the thermal
resistance and the decrease of contact force in granular assemblies. It
should be noted that the ETC of the two-particle contact pair would be
a constant value if the contact surfaces are perfectly smooth (G1=0 in
Eq. (55)), whatever the particle size increase or not. The DEM
simulation data is given in Table 2, comparing the ETC of several cases
of smooth and rough contact surfaces.

4.2.3. Solid volume fraction and coordination number
It should be noted that only a constant solid volume fraction of the

granular assemblies is considered in the above discussion. One
question may be raised immediately of how the solid volume fraction
affects the effective thermal resistance of granular assemblies. From
an empirical impression, dense granular assemblies may have better
heat conduction properties than loose ones. This can be verified by
simulating two different regular arranged granular assemblies
consisting of same size particles, in which identical forces are applied
on the boundary walls, as shown in Fig. 11. All material parameters in
the two simulations are the same except that B has a larger solid
volume fraction than A. The data of ke and solid volume fraction are
compared in Table 3. The simulation results show that the ke of
assembly B is larger than A, which confirms that denser granular
assemblies with same size particles under the same compression have
better heat conduction properties.

Coordination number is another characterization of the heat
conduction property of granular assemblies, which represents the
average number of the nearest neighbors of the particles. Greater
coordination number results in a larger number of heat transfer
“channels” that provide more chance for heat to flow through
granular assemblies. Generally, a dense granular assembly has a
larger coordination number than a loose one, for example, assem-
Table 3a
The comparison of keand solid volume fraction between granular assembly A and B.

Solid fraction ke(W m−1 K−1)

A 52.36% 0.167
B 72.61% 0.237

aThe schematic of A and B is shown in Fig. 11.
blyB's coordination number is greater thanA. According to the
comparison between B and A, granular assemblies with greater
coordination number will exhibit better heat conduction behaviors
when the particle size and external compression load are the same.

4.2.4. The combined effect of particle size, solid volume fraction and
coordination number

Different size particles are arranged randomly in seven groups of
granular assemblies, in which the particle diameters are in the range
of 4×10−3 mbdb9×10−3 m, as presented in Fig. 12. The material
properties and total mass of the particles in every granular assembly
are shown in Table 1. Due to the stochastic nature of the system, each
case is simulated 10 times with a different initial packing. The random
distribution of particles leads to different solid volume fractions in
these assemblies compressed with the same force. The simulation
results of ke, solid volume fraction and coordination number vs.
particle size are illustrated in Figs. 13 and 14, respectively, in which
the parameters are averaged over the results of 10 different initial
packing.

As shown in these two figures, the tendency of ke increases but the
trend of solid volume fraction and coordination number decreases
with the increase of particle size. Noticing the observations in
sections 4.2.2 and 4.2.3, the overall increasing tendency of ke indicates
that particle size is dominative to the evolution of ke. However, the ke
of several individual cases oscillates, such as ke=6.283 W m−1 K−1

of case d=5.5×10− 3 m and ke=6.267 W m− 1 K− 1 of case
d=6×10−3 m(not shown in Figs. 13 and 14), which indicates that
the decrease of solid volume fraction and coordination number also
contributes to the evolution of ke. The above discussion indicates that
the evolution of ke is a result of competition of the three parameters,
including particle size, solid volume fraction and coordination
number.

5. Conclusion

In this paper, a series of numerical simulations have been
performed to investigate the thermal conduction in granular
materials. The thermal resistance of the rough surface model is
introduced into a DEM to get more realistic simulation results. The
comparison between the DEM and FEM simulations indicates that the
DEM can simulate the heat transfer effectively. We have derived the
expressions of average heat flux and average temperature gradient of
granular assemblies. With these two terms obtained from simulation
data, the ETC can be obtained, which presents the heat transfer
properties of granular assemblies in steady state. Then the effects of
various granular assembly parameters on the ETC are investigated via



Fig. 12. The schematic of granular assemblies with the same total mass but different size particles. a) d=4.5×10−3 m; b) d=6.0×10−3 m; and c) d=7.5×10−3 m.
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detailed DEM simulations, including the external compression force,
particle average diameter, solid volume fraction and coordination
number. Several observations have been obtained and can be
summarized as follows.

1) ke of the granular assemblies with unchanged morphology
increases with the increase of the external compression loads. This
coincides with the empirical impression and is in agreement with the
experiment of Weidenfeld et al. [22]. While ke would be infinitely
close to a limited value, which would be the thermal conductivity of
particle materials, under a very big external compression. This
situation goes beyond the appliance of DEM simulations.

2) ke increases with the enlargement of the particle size in the
assemblies with the same external compression load, solid volume
fraction and coordination number, which also coincides with the
e

Fig. 13. ke and solid volume fraction vs. particle size in the assemblies consisting of
uniform particles. The solid curve is the trend line of ke. The dash curve is the trend line
of solid volume fraction.
experimental observations [22]. It directly reflects additional thermal
resistance for small particles. Moreover, the decrease of contact force
enhances the thermal resistanceof contact pairs in granular assemblies.

3) ke increases with the increase of solid volume fraction and
coordination number in the assemblies consisting of same size
particles size with the same external compression load. This
observation may be helpful to improve the thermal conduction
properties under the condition that external load and particle size
cannot be increased easily.

The combined effect of these parameters investigated, however,
indicates that any one be the decisive factor to the evolution of ke.
From a practice view, a dense granular assembly consisting of relative
large particles will exhibit good heat transfer behaviors under heavy
compressions.
e

Fig. 14. ke and solid volume fraction vs. particle size in the assemblies consisting of
uniform particles. The solid curve is the trend line of ke. The dash curve is the trend line
of coordination number.
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